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ABSTRACT
Let R be a commutative ring with identity. In this note, we study the
property: If I $ J are ideals in R, then In $ Jn for all n ≥ 1. We define the
notion of a big ideal (Definition 1.2). It is noted that the property has close
relationship with the notions of reduction of an ideal and Ratliff-Rush ideal
[7]. Apart from other results, it is proved that a Noetherian domain satifies
the property if and only if every ideal in R is a Ratliff-Rush ideal. We also
prove that ideals having no proper reduction are big ideals, and maximal
ideals in regular rings are big.
1 INTRODUCTION
Throughout this note, all rings are commutative with identity ( 6= 0). While
working on [10], we needed to know which rings satisfy (P) : Whenever I $ J
are ideals then In $ Jn for all n ≧ 1. Absence of any information on this
question is the reason for this note. We define (Definition 1.2) an ideal J in
a ring R to be a big ideal if whenever I $ J then In $ Jn for all n ≧ 1.
Thus a ring R satisfies the property (P) if every ideal in R is a big ideal.
In section 2, apart from some general results, we prove that a Noetherian
integral domain R satisfies the property (P) if and only if every ideal in R
is a Ratliff-Rush ideal (Definition 4.2)., and also prove that if a Noetherian
integral domain R satisfies the property (P), then dimension of R is ≦ 1.
Further, we show that a Dedekind domain satisfies the property (P).
The section 3 deals with the existance of big ideals. We prove that an
ideal J in a Noetherian interal domain R is a big ideal if and only if whenever
I $ J is an ideal then J $ I∗. Further, if an ideal J in a ring R admits
no proper reduction, then J is a big ideal. We also prove that any maximal
ideal in a regular ring is a big ideal.
2 Preliminaries on Rings Satisfying (P)
We shall study here the following property : (P): A ring R satisfies the
property if whenever I $ J are ideals in R then In $ Jn for all n ≧ 1.
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In this connection, we define:
Definition 1.2. An ideal J in a ring R is called a big ideal if whenever
an ideal I $ J , then In $ Jn for all n ≧ 1.
Remark 2.2. A ring R satisfies the property (P) if every ideal in R is a
big ideal.
First of all, we record some definitions for convenience of the reader.
Definition 3.2. Let I ⊂ J be ideals in a ring R. We shall say thst I is a
reduction of J if IJm = Jm+1 for some m ≥ 1.
Definition 4.2. Let I be an ideal in a Noetherian ring R, then I∗ =⋃{(Im+1 : Im) : m ≥ 1} . If I is regular i.e, I contains a non-zero divisor,
and I = I∗ , then I is called a RATLIFF-RUSH ideal of R.
Lemma 5.2. Let I $ J be ideals in a ring R. Then
(i) If In = Jn for some n ≧ 2 , IJn−1 = Jn, i.e. I is a reduction of J .
Thus, in particular, if an ideal J in a ring R admits no proper reduction, J
is a big ideal. Further, IJn−1 = Jn for n ≧ 2 does not imply In = Jn.
(ii) If In = Jn for some n ≧ 1, then Im = Jm for all m ≧ n.
(iii) If R is Noetherian, then In = Jn for some n ≧ 1 if and only if
R[Jt]/R[It] is a finitely generated R−module.
Proof. (i) If In = Jn for some n ≧ 2,
IJn−1 ⊂ Jn = In
=⇒ IJn−1 ⊂ IIn−1 ⊂ IJn−1.
Consequently IJn−1 = In = Jn. Thus if an ideal J admits no proper reduc-
tion, it is a big ideal. To see the last part of the statement, let R = K[X, Y ]
be the polynomial ring in two variables X, Y over a field K. Consider
J = (X3, XY, Y 4) and I = (XY,X3 + Y 4). Then it is easy to see that
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IJ = J2, but I2 6= J2.
(ii) In case n = 1, the result is clear. However, if n ≧ 2, then from (i) we
have IJn−1 = Jn. We shall, now, prove the result by induction. Note that
In+1 = IJn = IJn−1J = JnJ = Jn+1. Now, by induction it is immediate
that Im = Jm for all m ≧ n.
(iii) The proof the statement is clear using (ii).
If a ring satisfies the property (P), it has no non-trivial nilpotents. Thus
all rings will be assumed reduced. Further, the property (P) will hold when-
ever I $ J implies I2 $ J2 since if I $ J is a counter example then for some
n > 1, In = Jn. Choose n least such that In = Jn then clearly In−1 $ Jn−1
gives a counter example. Let us also note that R will satisfy (P) if the prop-
erty holds for all pairs of ideals in R of the form I $ id(I, f) = J where
f ∈ R− I. Hence R satisfies the property (P) if and only if for every ideal I
in R and f /∈ I, if f 2 ∈ I2 and fI ⊂ I2, then f ∈ I. We, now, note that the
the property does not hold even in Noetherian domains.
Example 6.2. LetR = Z[X3, X4, X5], I = id.(X3, X4, 2X5), J = id(X3, X4, X5).
Then I $ J , but I2 = J2 = id(X6, X7, X8).
Lemma 7.2. Let I $ J be ideals in an integral domain R such that I is
invertible, then In $ Jn for all n > 1.
Proof. Assume In = Jn, then
In = In−1I ⊂ In−1J ⊂ Jn−1J = Jn = In
Hence
In−1J = In
Thus as I is invertible I = J , which is not true. Consequently In $ Jn for
all n > 1.
Corollary 8.2. If R is a Dedekind domain, then for any two non zero
ideals I $ J in R, In $ Jn for all n > 1.
3
Lemma 9.2. Let I $ J be ideals in a ring R such that J "
√
I, then
In $ Jn for all n ≧ 1.
Proof. Let f ∈ J −√I, then
I $ id(I, f) = I1 ⊂ J.
If In = In1 , then f
n ∈ In ⊂ I. Thus f ∈ √I, which is not true. Hence
In $ In1 ⊂ Jn. Thus the result follows.
Remark 10.2(i) If ℘ is a prime ideal in R and ℘ $ J for an ideal J in R,
then ℘n $ Jn for all n ≧ 2.
(ii) From the above lemma, we note that if I $ J be ideals in a ring R
then we can have In = Jn for some n > 1 only when
√
I =
√
J . However,
even when
√
I =
√
J , we can have In $ Jn for all n > 1. e.g. if R is a
Dedekind domain, then for any non zero ideal J in R if I = Jn, n ≧ 2, then√
I =
√
J , but In $ Jn for all n ≧ 1. We give below another example:
Example 11.2. Let R = Z[X, Y ]/id(X2 + Y 2), and I = id(X¯), J =
id(X¯, Y¯ ) be ideals in R. Clearly I $ J and
√
I =
√
J = J. Note that In $ Jn
as X¯n−1Y¯ /∈ id(X¯n), since otherwise Xn − Xn−1Y = (X2 + Y 2)h(X, Y ) for
some h(X, Y ) ∈ Z[X, Y ]. This,however, is not true as putting X = iY in
this equation gives Xn + iXn = 0.
Theorem 12.2. Let R be an integral domain which is not a field. Then
there always exist ideals I $ J in R[X ] such that I2 = J2. Thus R[X ] does
not satisfy the property (P).
Proof. Let a ∈ R be a non-zero,non-unit element. Let I = id(X4, a3X, aX3, a4)
and J = I+id(a2X2) be ideals in R[X ]. Then it is easy to check that I2 = J2.
Thus to prove our claim, it suffices to verify that I $ J . This is true if and
only if a2X2 /∈ I = id(X4, a3X, aX3, a4). Assume the contrary, then
a2X2 = X3g1(X) + a
3Xg2(X) + aX
3g3(X) + a
4g4(X)
for some gi(X) ∈ R[X ] for all i ≥ 1. Note that, clearly this is not true as
a2X2 does not occur in any term on the right hand side of the equation.
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Hence the result holds.
Observation 13.2. If I is a regular ideal in a Noetherian ring R, and
I 6= I∗ = ∪{(I l+1 : I l)l ≥ 1}, then R does not satisfy the property (P) since
I∗k = Ik for all large k [7, Theorem 2.1]
Theorem 14.2. Let R be a Noetherian integral domain. Then
(i) The ring R satisfies the property (P) if and only if I∗ = I for all ideals
I in R.
(ii) If every ideal in R is integrally closed then R satisfies the property (P).
Proof. (i) Let R satisfies the property (P). Then I∗ = I for all ideals I
in R by [7, Theorem 2.1]. Conversly, let I∗ = I for all ideals I in R. Assume
I $ J be a pair ideals in a ring R for which the property (P) fails. Then
In = Jn for all n≫. Hence by [7, Theorem 2.1] , J ⊂ I∗ = I. This contra-
dicts our assumption that I $ J . Cosequently In $ Jn for all n. Thus R
satisfies (P).
(ii) The assretion follows by (i) and [7, Remark 2.3.3].
In view of above, the Noetherian domains which satisfy the property (P)
are precisely those in which every non-zero ideal is a Ratliff-Rush ideal. it
is natural to ask if a Ratliff- Rush ideal a big ideal in a Noetherian integral
domain. We give an example to show that this is not true.
Example 15.2. Let R = K[[t3, t4]], where K is a field and t is an
indeterminate over K. As noted in [3, Example 1.11] all the powers of
maxinal ideal m = id(t3, t4) in R are Ratliff -Rush ideals. However as
id(t6, t7) = t3m $ m2 = id(t6, t7, t8), but (t3m)2 = m4 = id(t12, t13, t14),
the ideal m2 is not a big ideal.
As proved in [7, P rop.3.1], we also have.
Theorem 16.2. Let R be a Noetherian integral domain. If R satisfies
the property (P), then dimenstion of R is ≦ 1.
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Proof. Assume the dimenstion of R is ≧ 2. Then there exist x, y ∈ R
such that id(x, y) has height 2. By [5, Chap.V, Thm.4.14], {x, y} is an inde-
pendent set. Put I = id(x4, x3y, xy3, y4)). As x, y are independent x2y2 /∈ I.
Thus I $ J = id(I, x2y2), but I2 = J2. Hence the assertion follows.
Theorem 17.2 Let I $ J be ideals in a Noetherian ring R. Then In $ Jn
for all n ≧ 1 if either of the conditions (i) height(I) 6= height(J) or (ii)
grade(I) 6= grade(J) or (iii) set of minimal primes of I 6= set of minimal
primes of J or (iv) dim(R/I) 6= dim(R/J) or (v) radical(I) 6= radical(J)
hold.
Proof. (i) This follows since for any ideal K in the ring R, height(K) =
height(Kn) for all n ≧ 1.
(ii) By [8, lemma 3.2], the grade of an ideal is equal to the grade of its
radical. Hence the assertion follows.
(iii) Clearly, the set of minimal primes of an ideal is equal to the set of
minimal primes of any its powers. Thus the result follows.
(iv) For any ideal K in R, dim(R/K) = dim(R/Kn) for any n ≧ 1. Hence
the result follows.
(v) As radical of an ideal is equal to the radical of any its power, the
result follows.
3 Big Ideals
In this section, we shall study the existance of big ideals in rings. Let us note
that :
O.1.3. Big ideals are invariant under isomorphism.
O 2.3. Let a ring S be a faithfully flat extension of a ring R. If for an
ideal J ⊂ R, JS is a big ideal of S , then J is a big ideal in R.
Theorem 3.3. Let R be a Noetherian integral domain then an ideal J in
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R is a big ideal if and only if whenever I $ J is an ideal, then J " I∗.
Proof. Let J be an ideal in R such that whenever I $ J is an ideal, then
J " I∗. If J is not a big ideal then there exists an ideal I1 $ J such that
In1 = J
n for some n > 1. Then for any r ≤ n, we have
Ir1J
n−r ⊂ Jn = In1 = Ir1In−r1 ⊂ Ir1Jn−r
Hence Ir1J
n−r = In1 = J
n for all r ≤ n. Thereforec
In+11 ⊂ Jn+1 = JIn1 = JIn−11 I1 = In1 I1 = In+11
Hence In+11 = J
n+1. Consquently, by induction Im1 = J
m for all m ≥ n.
Thus J∗ = I∗1 and hence J j I
∗
1 . This cotradicts our assumption that
J " I∗1 . Hence J is a big ideal. Conversely let J be a big ideal, and let
I1 $ J be an ideal. If J j I∗1 , then by [7, Theorem 2.1], J
t j I∗t1 = I
t
1 j J
t
for all t large. Hence J t = I t1 for all t large. This cotradicts the assumption
that J is a big ideal. Hence the result folows.
Remark 4.3. In a Noetherian integral domain R, an ideal J is a big ideal
if and only if whenever I $ J is an ideal, then JIn " In+1 for all n ≥ 1.
Lemma 5.3. Let J be a big ideal in an integral domain R. Then for any
invertible ideal A $ R,AJ is a big ideal.
Pf. Let I $ AJ be an ideal in R. Then
A
−1I $ J
=⇒ (A−1I)n $ Jn
=⇒ In $ (AJ)n.
Hence the assertion follows.
Remark 6.3. Any invertible ideal in R is a big ideal. This follows by
taking J = R in the Lemma ( As an exception we are considering R an ideal).
Lemma 7.3.Let R be a Noetherian integral domain. An ideal J ⊂ R is a
big ideal if and only if there does not exist any ideal I $ J such that I∗ = J∗.
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Proof. Assume J is a big ideal. If for an ideal I $ J, I∗ = J∗, then since
by [7, Theorem 2.1], I∗n = In and J∗n = Jn for all n large, we get In = Jn
for all n large. This contradicts that J is a big ideal. The converse is also
clear by [7, Theorem 2.1 ]
Theorem 8.3. Any maximal ideal in a regular ring is a big ideal.
Proof. Let M be a maximal ideal in a regular ring R, and let I $M be
an ideal. If M 6= √I, then In $ Mn for all n ≧ 1 by Lemma 8 .2. Now,
let M =
√
I. Then I is M primary ideal. Hence IM $ MRM is MRM−
primary ideal in RM . As RM is regular local ring MRM is generated by
a system of paramers. Hence by [4, Corollary 2.4] MRM is basic. Thus
(IM)
n $ (MRM)n since othewise IM will be a proper reduction of MRM,
which contradicts that MRM is basic. Consequently I
n $Mn for all n ≧ 1
i.e., M is a big ideal.
Remark 9.3. (i) Let Q be an M− primary ideal in a Noetherian local
domain (R,M) . Then if Q is generated by a system of parameters, it is a
basic ideal by [4, Corollary 2.4]. Thus if I $ Q , then (I)n $ (Q)n for all
n ≧ 1 since otherwise I wiil be a proper reduction of Q.
(ii) Let M1. . . . ,Mn be distinct maximal ideals in a regular ring R Then
by Theorem 9.3 and [4, Theorem 3.6], I = M!.M2. . . .Mn is big ideal.
Theorem 10.3 (i) Let J be an ideal in a Noetherian ring R generated by
an R−sequences. Then J is a big ideal.
(ii) Let K be a field, then every prime ideal in K[X, Y ] is a big ideal.
Moreover, every ideal generated by two elements in K[X1, . . . , Xn], n ≧ 2, is
a big ideal.
Proof. (i) Let J = id.(a1, · · · , an) where {a1, · · · , an} is an R−sequence.
By [9, Theorem 2.1], J is an ideal of principal class, Hence by [2, Corollary
2.4], J is basic. Consequently J is a big ideal by Lemma, 8.3.
(ii By Theorem 8.3 and Remark 6.3, it is immediate that every prime
ideal in K[X, Y ] is a big ideal. Further, let I = id(f, g) be any ideal in
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K[X1, . . . , Xn], n ≧ 2. If I is principal, it is clearly big. Now assume, I is not
principal. Thus I = h.id(f1, g1) where (f1, g1) = 1 i.e., g.c.d. of f1 and g1 is
a unit. Then {f1, g1} is a regular sequence. Thus I is a big ideal by Theorem
9.3 and Remark 6.3.
Remark 11.3 Let R[X1, · · · , Xn] be a polynomial ring over a Noetherian
ring R. Then for k ≦ n the ideal id(X1 − a1, · · · , Xk − ak), where ai ∈
R for all i = 1, 2 · · · , k, is a big ideal.
Theorem 12.3.(i) Let I be an ideal in a Noetherian ring R. Then I is
a big ideal if IM is a big ideal in RM for every maximal ideal M ⊇ I in the
ring R.
(ii) Let R be an almost Dedekind domain. Then every ideal in R is a big
ideal.
Proof. (i) Assume IM is a big ideal in RM for every maximal ideal M ⊇ I
in the ring R. Let J $ I be any ideal. Then there exists a maximal ideal
M % I such that JM $ IM . Hence, as IM is a big ideal, (JM)n $ (IM)n for
all n ≧ 1. Consequently Jn $ In for all n ≧ 1. Thus I is a big ideal.
(ii) Let I $ J be ideals in R. Then there exists a maximal ideal M ⊃ J
such that IM $ JM . Hence by the Lemma 7.2, InM $ J
n
M . Consequently
In $ Jn for all n ≧ 1.
Theorem 13.3 Let R be a regular ring and ℘ be a prime ideal in R. If
for an ideal I $ ℘, I℘ 6= ℘R℘. Then In $ ℘n for all n ≥ 1.
Proof. In view of Lemma 8.2, it is enough to prove the assertion in case√
I = ℘. In this case, I℘ is ℘R℘−primary. As R is regular R℘ is a regular
local ring. Hence ℘R℘ is basic, and consequently it is a big ideal. Therefore
In℘ $ ℘
nR℘, and hence I
n $ ℘n for all n ≧ 1.
Remark. 14.3 (i) Note that in the Theorem I℘ = ℘R℘ if and only if there
exists s /∈ ℘ such that s℘ ⊂ I. Thus ℘ ⊂ ZR(R/I). Hence if ℘ * ZR(R/I),
then In $ ℘n for all n ≥ 1.
(ii) Let R be an integral domain, then even if I℘ = ℘R℘, we can have
In $ ℘n for all n ≥ 1 e.g. take I = s℘ for some s /∈ ℘. For this part we need
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only to assume that ℘ contains a non-zero divisor.
We, now, prove two results which fall short of showing that an integral
domain R in which every finitely generated ideal is a big ideal is integrally
closed.
Theorem 15.3 Let R be an integral domain in which every ideal gen-
erated by atmost three elements is a big ideal. Let for non- zero elements
x, y ∈ R, x /∈ Ry. Then if x2 /∈ Ry, x/y is not integral over R.
Proof. Let K be the field of fractions of R. As x /∈ Ry, x/y ∈ (K − R).
If x/y is integral over R, then
(x/y)n + c1(x/y)
(n−1) + . . .+ cn = 0
where n > 1 and ci′s ∈ R.
=⇒ xn + c1xn−1y + . . .+ cnyn = 0
=⇒ xn ∈ (x, y)n−1y
=⇒ y(x, y)n−1 = (x, y)n
=⇒ yt(x, y)n−1 = (x, y)t+n−1
for all t ≧ 1. Hence
yn−1(x, y)n−1 = (x, y)2(n−1)
As every ideal generated by atmost three elements in R is big, we conclude
y(x, y) = (x, y)2 = (x2, y2, xy)
Thus x2 ∈ (y).A contradiction to assumption. Hence x/y is not integral over
R.
Theorem 16.3 Let R be an integral domain with quotient field K in
which every finitely generated ideal is a big ideal. Then if x/y ∈ (K − R),
either x/y or y/x2 is not integral over R.
Proof. Let z ∈ R be a non-zero, non-unit. Then z, z2 /∈ Rz3. Hence by
Theorem 13.3, we get 1/z2 = z/z3 is not intergral over R. Therefore 1/z is
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not integral over R. Now, let x/y ∈ (K − R). Then x /∈ Ry. By Theorem
12.3, if x2 /∈ Ry, then x/y is not integral over R. Assume x2 ∈ Ry. Then
x2 = µy for an element µ ∈ R. Clearly x is not a unit since otherwise y is
also a unit, and thus x/y /∈ (K − R). If µ is unit then x/y = 1/µ−1x is not
integral over R as seen above. However if µ is not a unit then y/x2 = 1/µ is
not integral over R.
Theorem. 17.3 Let R be an integral domain( not necessarily Noethe-
rian). If every finitely generated ideal in R is a big ideal,then R has no
regular sequence of length ≥ 2.
Proof. Let {a, b} be a regular sequence in R. We shall first show that
ab /∈ (a2, b2). If not, then
ab = λa2 + µb2
for some λ, µ ∈ R.
=⇒ µb2 ∈ Ra
=⇒ µ ∈ Ra
Let µ = pa. Then
ab = λa2 + pab2
=⇒ b = λa + pb2
=⇒ b(1− pb) = λa
=⇒ 1− pb ∈ Ra
=⇒ 1 ∈ (a, b).
This is not true. Hence ab /∈ (a2, b2). Thus (a2, b2) $ (a, b)2. Note that
(a, b)2(a2, b2) = (a, b)4. Hence (a2, b2) is a reduction of (a, b)2. Thus by
Lemma 5.2. (a, b)2 is not a big ideal. This contradicts our assumption on R.
Hence the result follows.
4 Exponentially Equal Ideals
If an ideal J in a ring R is not a big ideal, then there exists an ideal I ( J
such that In = Jn for all n ≫. Based on this fact, we define the concept
of exponentially equal ideals and prove that in a local ring R if I ⊂ J are
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ideals which are exponentially equal then there exists an ideal I
′ ⊂ I mini-
mal with respect to the property that I
′
is exponentially equal to the ideal
J . The proof follows the arguments in [6], used for the existance of minimal
reductions of an ideal.
Definition.1.4 Let R be a ring, and I, J be ideals in R. We shall say
that I is exponentially equal to J if In = Jn for all n≫.
Remark 2.4. (i) Exponentially equal ideals have same set of minimal
prime ideals, and have same multiplicity at every common minimal prime.
(ii) No two ideals in a Prufer domain are exponentially equal [1, Exercise
1, page 284]
(iii) Exponential equality is an equivalence relation on ideals.
Lemma. 3.4 If I is a regular ideal in a Noetherian ring R, then for an
ideal J ⊂ R, I is exponentially equal to J if and only if I∗ = J∗.
Proof. The proof is immediate from [7, Theorem 2.1 ].
Theorem 3.5 Let R be a Noetherian local ring with maximal ideal m,
and let I $ J be ideals in R. Then
(i) For any n ≥ 1, In = Jn if and only if (I +mJ)n = Jn.
(ii) If In = Jn for all n≫, then there exists an ideal I2 ⊂ I minimal with
the property (I2)
n = Jn for all n≫.
Proof. (i) Let In = Jn. Then Jn = In ⊂ (I+mJ)n ⊂ (In+mJn) ⊂ Jn.
Hence (I+mJ)n = Jn. Conversely if (I+mJ)n = Jn, then Jn ⊂ In+mJn ⊂
Jn. Therefore In +mJn = Jn, which implies In = Jn. Thus (i) follows.
(ii) Let
∑
= {K ⊂ I, an ideal | Kn = Jn for all n≫}.
Clearly,
∑ 6= φ since I ∈ ∑. By (i), for any K ∈ ∑,K + mJ ∈ ∑.
12
Moreover,
(K+mJ)/mJ ⊂ J/mJ
for every K ∈ ∑ . As dimR/m(J/mJ) < ∞, there exists I1 ∈
∑
such that
dimR/m(I1 + mJ)/mJ is least. Choose xi ∈ I; i = 1, 2, · · · , t such that
xi+mJ ; i = 1, 2, . . . , t generate the R/m− vector space (I1+mJ)/mJ . Put
I2 = id.(x1, . . . , xt), then I2 +mJ = I1 +mJ . Further, if
∑t
1 αixi ∈ mJ
where αi ∈ R, then αi ∈m. Hence
I2 ∩mJ ⊂mI2
Note that, as I1 +mJ = I2 +mJ, (I1 +mJ)
n = (I2 +m)
n = Jn. Now, let
I3 ⊂ I2 be such that (I3)n = Jn, then (I3 +mJ)n = Jn. Moreover
(I3 +mJ)/mJ ⊂ (I2 +mJ)/mJ = (I1 +mJ)/mJ ⊂ J/mJ
By choice of I1, it follows that I3 + mJ = I2 + mJ = I1 + mJ . Now, if
λ ∈ I2, then λ = x+ b where x ∈ I3, b ∈mJ . Thus λ− x ∈ I2 ∩mJ ⊂mI2.
Hence I2 ⊂ I3 +mI2. Consequently I2 ⊂ I3. This implies I2 = I3. Hence I2
is minimal.
It would be interesting to know the answer of the following:
Question 1.Let K be a field. Is every prime ideal in the polynomial ring
K[X1, . . . , Xn], n ≧ 3, a big ideal?
Question 2. Let K be a field. Can we characterize big ideals in the
polynomial ring K[X1, . . . , Xn], n ≧ 2?
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